The no-core shell model with continuum (NCSMC) offers a unified approach to nuclear bound and continuum states based on the coupling of the no-core shell model (NCSM), a bound-state technique, with the no-core shell model/resonating group method (NCSM/RGM), a nuclear scattering technique. This new ab initio method leads to convergence properties superior to either NCSM or NCSM/RGM while providing a balanced approach to different classes of states. The NCSMC manynucleon wave function contains: i) a pre-diagonalized A-nucleon NCSM component expanded in the harmonic oscillator basis; ii) a binary-cluster NCSM/RGM component with asymptotic boundary conditions that properly describe weakly bound states, resonances and scattering. Here, we review the main aspects of the NCSM formalism, and provide algebraic expression for the reduced matrix elements of the electric dipole operator, needed to calculate E1 transition probabilities, radiative captures and photodisintegration cross sections.
I. INTRODUCTION
In the recent past, significant effort has been devoted to extend ab initio techniques to the treatment of dynamical processes among light nuclei and arrive at the accurate prediction of low-energy nuclear reactions important for astrophysics and energy generation on earth, but also of the properties of light exotic nuclei for which most low-lying states are unbound, so that a rigorous analysis requires scattering boundary conditions.
To this aim, we combined the ab initio no-core shell model (NCSM) [1] and the resonating-group method (RGM) [2] [3] [4] [5] [6] [7] techniques into a new many-body approach, ab initio NCSM/RGM [8, 9] , capable of treating bound and scattering states of light nuclei in a unified formalism, starting from the fundamental inter-nucleon interactions. The NCSM/RGM approach has been successfully applied to a wide variety of processes, such as nucleon- 4 He and n− 7 Li scattering [10] , 7 Be(p,γ) 8 B capture [11] , d− 4 He scattering [12] , 3 H(d,n) 4 He, and 3 He(d,p) 4 He fusion [13] . At the same time, these studies have highlighted practical limitations of the approach mainly related to a non-entirely efficient description of short-to-medium A-body correlations, that have to be treated by including a large number of excited states of the clusters.
The inefficiencies discussed above can be overcome working within an extended basis, in which the binary-cluster (A − a,a) NCSM/RGM states are augmented by pre-diagonalized A-nucleon NCSM states. Indeed, the NCSM sector of the basis provides an effective description of the short-to medium-range A-body structure, while the NCSM/RGM cluster states make the theory able to handle the scattering physics of the system. In other words, one obtains the coupling of the NCSM with the continuum or NCSMC. This formalism was first mentioned in our review paper [14] and is now being successfully applied to the ab initio description of the low-lying resonances of the exotic 7 He nucleus [15] . We note that an analogous approach was already suggested in the original RGM papers [2, 3] .
The NCSMC offers an optimal framework for the description of complex exotic nuclear structures, such as, e.g., those encountered among the Beryllium isotopes, grounded within the fundamental interactions among nucleons. Indeed, the Be isotopic chain exhibits an unusual structure evolution, ranging from the α-cluster structure in 8, 9 Be to the one-neutron halo structure in 11 Be, in which short-, medium-and long-range correlations all play a non-negligible role. Of particular interest are the enhanced E1 transitions from the ground state to the first excited state in 9, 11 Be, which provide among the most sensitive tests of modern realistic interactions and calculated many-body wave functions, and have been recently re-measured at TRIUMF using the low-energy Coulomb excitation technique to improve the experimental accuracy to within 5% [16] .
While the main components of the NCSMC approach have been introduced in Ref. [15] , here we provide the algebraic expressions for the reduced matrix element between NCSMC basis states of the electric dipole operator. The fairly detailed overview of the NCSMC formalism presented in Sec. II supports the derivation of the E1 reduced matrix elements given in Sec. III. Conclusions and outlook are given in Sect. IV.
II. NCSMC FORMALISM
In the NCSMC, the wave function for a system of A interacting nucleons is cast in the form
through an expansion over a set of fully antisymmetric A-body basis states including both discrete square-integrable wave functions and continuous binary-cluster channel states of angular momentum J, parity π and isospin T . Here, |AλJ π T are antisymmetric many-body eigenstates with eigenvalue E J π T λ obtained by diagonalizing the microscopic A-nucleon Hamiltonian within the NCSM basiŝ
whereas the continuous elements
are a set of translational-invariant cluster basis states describing two nuclei (a target and a projectile composed of A − a and a ≤ A nucleons, respectively) whose centers of mass are separated by the relative coordinate r A−a,a and that are traveling in a 2s J wave of relative motion (with s the channel spin, and the relative momentum of the system). The antisymmetric wave functions |A−a α 1 I π1 1 T 1 and |a α 2 I π2 2 T 2 are eigenstates of the (A − a)-and anucleon intrinsic Hamiltonians, respectively, as obtained within the NCSM approach [1] and are characterized by the
where
νν (r, r ) is the inverse square root of the NCSM/RGM overlap (or norm) kernel
and the original wave functions γ
Because of this orthogonalization procedure both diagonal blocks in the NCSMC norm kernel N are identities in their respective spaces
The off-diagonal elements represent the coupling between the two sectors of the basis and are given by the cluster form factors:ḡ
In the NCSMC Hamiltonian kernel, the NCSM sector is given by a diagonal matrix of the NCSM eigenvalues E λ (2),
while H is the orthogonalized and hermitized NCSM/RGM Hamiltonian kernel given by
andh λν (r) is the coupling form factor:
We refer the interested reader to Refs. [9] and [12] for more details on the NCSM/RGM integration kernels. Algebraic expressions for the cluster form factorḡ λν (r) and the coupling form factorh λν (r) can be found in Ref. [15] . The
matrix elements with NCSM wave functions was already discussed in Ref. [17] . We also note that by squaring the absolute value of these matrix elements and integrating over r, one obtains spectroscopic factors.
The NCSMC equations can be orthogonalized in an analogous way to that presented for the NCSM/RGM in Ref. [9] . More specifically, when computing the norm kernel, the "exchange" term arising from the permutations inÂ ν that differ from the identity are obtained by expanding the radial dependence of the basis states of Eq. (3) on HO radial wave functions R n (r). This HO basis has the same frequency used in the NCSM cluster calculations and its size is consistent with the model space used in the cluster diagonalizations. To define the square and inverse square root of the NCSMC norm in the r-space representation, we first rewrite Eq. (9) 
with the model-space NCSMC norm given by
Here, R νrνn = R n (r)δ νν , the model-space cluster form factor is related to the r-space one throughḡ λν (r) = n R nl (r)ḡ λνn , and the sum over the repeating indexesλ,ν, n,λ ,ν , and n is implied. The square and inverse square roots of N can then be defined as:
Inserting the identity N 
where the orthogonalized NCSMC Hamiltonian H is given by,
and the orthogonal wave functions by:
Starting from (1), the orthogonalized NCSMC wave function takes then the form:
A. Solving the NCSMC equations
At large inter-cluster distances r, the clusters are assumed to interact through the Coulomb interaction only. Hence, the NCSMC equations are solved dividing the space into an internal region r a and an external region r > a and applying the coupled-channel microscopic R-matrix method on a Lagrange mesh [18] . The separation radius r = a must be large enough to ensure that the wave function of the A-body states |AλJ π T vanishes when approaching the external region, where the asymptotic behavior of the NCSMC solutions is described by the radial wave functions
and (17), (19), (20)). One of the advantages of the microscopic R-matrix method is that the wave functionχ
(r) in the internal region can be expanded on a set of square-integrable functions. We adopted here the set of Lagrange functions f n (r) associated with the shifted Lagrange polynomials and defined on the mesh points r n ∈ [0, a] [18] . When the GaussLegendre quadrature approximation is adopted, the Lagrange functions are orthogonal to each other. Here, the index n labels the mesh points, whose number has to be large enough to have a correct representation of the wave functions.
The matching between internal and external regions, and hence the imposition of the asymptotic behavior of Eqs. (21) and/or (22), is ensured by the Bloch surface operator 23) and solving the Bloch-Schrödinger equations
H +L is Hermitian when the boundary parameter B ν is real. Because of the Bloch operator, the wave function in the right hand side (r.h.s.) of Eq. (24) can be replaced by its asymptotic behavior. When searching for bound states, B ν is chosen in such a way that the r.h.s. vanishes, and one is left with the diagonalization problem:
For scattering states, the scattering matrix S and the wave functions are computed by solving Eq. (24) with the boundary parameter B ν = 0 for each value of the relative kinetic energy E kin of the projectile-target system. The phase shifts δ(E kin ) can then be extracted from the S-matrix. Energetically open and closed channels are treated on equal footing when applying the microscopic R-matrix method.
III. REDUCED MATRIX ELEMENTS OF THE E1 OPERATOR
The electric dipole operator we use in the following is given by:
where e is the electric charge, r i and τ i the position vector and isospin of the ith nucleon, and
the center of mass (c.m.) of the A-nucleon system. Working within a binary cluster basis, it is convenient to re-write Eq. (26) in terms of three components, an operator acting exclusively on the first A − a nucleons (pertaining to the first cluster or target), an operator acting exclusively on the last a nucleons (belonging to the second cluster or projectile), and, finally, an operator acting on the relative motion wave function between target and projectile:
Here, R The reduced matrix element of the E1 dipole operator between two bound states of an A-body nucleus with spin J i , parity π i , isospin T i , energy E i in the initial state and J f , π f , T f , E f in the final state is given by:
In the second line of Eq. (29) we have introduced the Clebsh-Gordan coefficient C
JiMi1µ and the short notation f (i) for the group of quantum numbers {J
f (i) T f (i) } that will be used throughout the rest of this report. In the NCSMC formalism the matrix element of Eq. (29) is given by the sum of four components, and specifically, the reduced matrix element in the NCSM sector of the wave function, the "coupling" reduced matrix elements between NCSM and NCSM/RGM (and vice versa) basis states, and the reduced matrix element in the NCSM/RGM sector:
The algebraic expression for the reduced matrix elements in the NCSM sector Aλ J π f f T f ||E1||AλJ πi i T i can be easily obtained working in the single-particle Slater-Determinant (SD) harmonic oscillator basis and adopting the E1 operator in the form of Eq. (26). In the following, we consider the reduced matrix elements in the NCSM/RGM sector. First, we notice that the inter-cluster antisymmetrizer commutes with the A-nucleon E1 dipole operator of Eq. (26) and
Second, using the E1 operator in the form of Eq. (28) we can rewrite, e.g., the first matrix element in the right-hand side of Eq. (31) as: 
where all quantum numbers in the indexν are identical to those in the index ν except for the angular momentum , which is replaced by˜ . The "coupling" E1 reduced matrix element between NCSM and NCSM/RGM components of the basis can be derived making similar considerations:
and C f i four matrices given by: 
